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We introduce a new kind of space-filling brane, which we term “G-brane” because its action is 
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a reformulation of gravitation theory in which the Hamiltonian constraints can be solved explicitly, 
while keeping the spacetime structure manifest. For D = 2 the G-brane provides a realization of the 
conformal algebra, i.e. a conformal field theory, in terms of two scalar fields and their conjugates, 
which possesses a classical central charge. In the G-brane reformulation of (2+1) gravity, the 
boundary degrees of freedom of the gravitational field in asymptotically anti-de Sitter space appear 
as “matter” coupled to the (1+1) G-brane on the boundary. 
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I. INTRODUCTION 

The existence itself of the black hole, and the ensuing 
mystery of the origin of the black hole entropy, show that 
there is significant gravitational physics in vacuum which 
is not due to propagating gravitons. This verity is strik¬ 
ingly evidenced by the existence of a black hole in 2+1 
spacetime dimensions 00- One would like therefore 
to have a theory which captures what is left of gravita¬ 
tion after the propagating gravitons are removed. To be 
of general applicability such a descendant of general rela¬ 
tivity should retain the general covariance of its ancestor. 

We propose herein that the “gravitational field without 
propagating gravitons” may be described by a new kind 
of space-filling brane, which we term “G-brane,” whose 
action is a direct descendant of the action for the gravi¬ 
tational field. The G-brane is different from the Dirac or 
Nambu space-filling branes. 

We develop the general G-brane formalism for an arbi¬ 
trary spacetime dimension D and focus in detail on the 
lower dimensions D = 3 and D = 2. For D = 3 the 
G-brane yields a reformulation of gravitation theory in 
which the Hamiltonian constraints can be solved explic¬ 
itly, while keeping the spacetime structure manifest. For 
D = 2, the G-brane provides a realization of the con¬ 
formal algebra, i.e. a conformal field theory, in terms of 
two scalar fields and their conjugates, which possesses a 
classical central charge. In the G-brane reformulation of 
(2+1) gravity, the boundary degrees of freedom of the 
gravitational held in asymptotically anti-de Sitter space 
appear as “matter” coupled to the (1+1) G-brane on the 
boundary. 

Many years ago [3| an attempt was made to refor¬ 
mulate Einstein’s theory of gravitation in D dimensions, 


as the theory of a non-space-filling brane, embedded in 
a higher dimensional fixed (flat) spacetime background. 
However, obstacles that could not be satisfactorily cir¬ 
cumvented were met (see also [4| and, for later develop¬ 
ments, |5i, Q). Those difficulties are not present for the 
space-filling brane. 

The plan of the paper is the following. Section |TT] 
reviews and puts in context the concepts of Dirac and 
Nambu space-filling branes. Section IIIII introduces the 
G-brane, and discusses its general properties for D > 3, 
while Sec. hyi discusses the special case of the G-brane 
for D = 2. Section [V] contains the reformulation of grav¬ 
itation in three spacetime dimensions as the theory of a 
G-brane. Finally Sec. IVII is devoted to conclusions and 
possible further developments along this line of inquiry. 


II. DIRAC AND NAMBU SPACE-FILLING 
BRANES 

A. Surface deformations and surface variables 

Space-filling branes were first introduced by Dirac in 
his formulation of held dynamics on an arbitrary space¬ 
like surface, within a hxed background spacetime that he 
mostly took to be hat Q ■ He introduced surface variables 
y x ( x , t), which describe the embedding of a parametrized 
spacelike surface with respect to a hxed system of coor¬ 
dinates y x on the background, and their conjugate mo¬ 
menta w\. Thus, in terms of Poisson brackets, 

[y X (x),w p (a/)] = S X S (x,x'). 

The Hamiltonian for a held theory in which the t = 
constant surface is a generic spacelike surface was then 
written as 
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where the generators h\ have the form 


B. Surface deformation algebra 


h\ = W\ — T\ p n p . (1) 

The action reads 



Here n p is the unit normal to the surface, 

7 a p n x n p = -1, (2) 

n\y X ,i = 0. (3) 

The components n p are functions of the y’s and their 
first spatial derivatives. If n p solves ED and (HU) , so does 
— n p corresponding to time reversal. We have denoted by 
7 a p the metric in the external coordinate system in order 
to reserve the letter g for the spatial metric g+j induced 
on the parametrized surface: 

9ij [y] 0) = 7a p (y (x)) y x ,iV p tj - (4) 

The T\ p are the components of the symmetric energy- 
momentum tensor of the matter fields at hand, with 
appropriate density weight. The projections T±± = 
T\ p n x n p and Tj_i = T\ p n x y p i , which are the energy- 
momentum densities, depend on the matter canonical 
variables 7 r,<p, and on the y x , but they do not depend 
on the u>\. 

The N x are Lagrange multipliers for the constraints, 


h\ 


0 , 


in Dirac’s “weakly vanishing” terminology and notation 


The generators h\ may be decomposed into a compo¬ 
nent h x normal to the surface and hi tangential to it, 
that is: 


hx = (w\ - T Xp n p ) n x =w ± - T u , (5) 

hi={wx-T\ p n p )y x A =Wi-Txi■ ( 6 ) 


The perpendicular and tangential projections are use¬ 
ful because hx generates deformations of the surface 
which are of dynamical importance, whereas h± l merely 
reparametrizes the spacelike surface without really mov¬ 
ing away from it. Note that this decomposition makes 
essential use of the spacetime metric in order to give an 
unambiguous meaning, through the normal, to the notion 
of “moving away from the surface.” Thus the notion of 
surface deformation expressed in terms of the projected 
generators is different from, and has much more structure 
than, the notion of a spacetime diffeomorphism. The 
surface deformation generators must obey integrability 
conditions that guarantee that the evolution is “path in¬ 
dependent”: if one starts from a given initial spacelike 
surface and ends on a given final spacelike surface, the re¬ 
sult should be independent of the intermediate sequence 
of surfaces employed to achieve the total deformation as a 
sequence of infinitesimal ones [1, [Io| • These integrability 
conditions read, in terms of the unprojected generators, 

[h x (x),h p {x')\ = 0, (7) 

or in terms of the projected ones, 

[hx (x), hx (*')] = 9 lJ {hi (x) + hi (a/)) Sj (x, x') , (8) 
[hi {x) , hx (x')] = hx (x) 6 t i (x, x') , (9) 

[hi (x) , hj (a/)] = hi (V) <5 j (x, x') + hi (x) 5 * (x, x'). 

( 10 ) 

The last two equations, which involve hi on the left-hand 
side are of purely kinematical nature since they just cap¬ 
ture how hx and hi behave under changes in the spa¬ 
tial coordinates. The truly restrictive equation is the 
first one © which imposes severe conditions on the com¬ 
ponents of the energy-momentum densities. Its quan¬ 
tum mechanical counterpart was referred to by Schwinger 
in the concluding sentence of El as “what may well be 
considered the most fundamental equation of relativistic 
quantum field theory. ” 


C. Dirac brane 


The corresponding multipliers are then the “lapse,” and 
“shift” functions, which are related to the N x through 


If one drops the matter fields in the above equations, 
one has 


N x = N ± n x + N i y x i . 


T\ p = 0, 


The equations of motion of the y x are 


and the generators read 


j A = jvV + W i , 


h\ = w x , 


which, since N 1 - and N l are arbitrary functions of time, 
express the fact that any deformation of the brane is 
permissible. The equations of motion for the matter fields 
describe their response to a surface deformation. 


or in their projected version, 


hx =w_ l, 

hi =Wi. 
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The generators w± and Wi obey the algebra © m for 
any background, and they generate a consistent evolution 
for a space-filling brane that we will call a Dirac brane. 
Equations ©, © and © may then be said to describe 
the coupling of a Dirac brane to matter. 

For the Dirac brane without matter fields, the action 
in Hamiltonian form reads 


I = 



N x w A ) , 


where g is the determinant of the spatial metric g^-. If 
one passes to the Lagrangian form of the action by elim¬ 
inating w\ from the constraint, one gets 


More precisely, if the integral in (fT21) is extended over a 
spacetime region M with boundary dM one has 


61 = 



dx ( ATg 1/2 n\6y x ) , 


(13) 


which is where dill) may be thought to come from in the 
first place. 

We now turn our attention to the main point of the 
paper, a new type of brane. 


III. G-BRANE FOR D > 3 


1 = 0 . 


A. Action 


D. Nambu brane 

A different kind of space-filling brane, which we shall 
call Nambu brane for reasons that will become evident in 
a moment, is obtained by demanding that there should 
be a constant energy density Af through space, that is, 
one sets, 

Tx P =Mg 1/2 1Xp . 

The generators now read 

h\ = w x - Afg 1/2 n x , (11) 

or 

h± = w± + Afg 1 ^ 2 , 

hi = Wi, 

and they obey the integrability conditions © (flOl) . for 
any background. 

For the Nambu brane the action in Hamiltonian form 
may be written as 

I = j dxdt (wxy x - N x (ui x - A/g 1/2 n A )) , 

whereas the Lagrangian form now reads 

I = Af j dxdt (g 1/2 nxy x ^J , 

= ~Af J dxdt(-g spa cetime) 1/2 , (12) 

which is indeed the action for a (space-filling) Nambu 
brane. If one has a matter energy-momentum ten¬ 
sor, obeying the appropriate Poisson bracket rules which 
make the Dirac brane generators © and © to close ac¬ 
cording to © Col), then its addition to the Nambu brane 
generators will preserve the closure. 

The Lagrangian action for the Nambu brane (THil) is 
invariant under spacetime reparametrizations, 

y x (x, t) -A y x (x, t ) + 6y x (x, t). 


A different type of space-filling brane is obtained by 
replacing the spacetime volume (THil) by a different in¬ 
variant, the action for the gravitational field evaluated 
on a given background. Hence the name G-brane. 

The Lagrangian action for the gravitational field is 

dgrav = J dtdxN^C, (14) 

with 

C = h { GijUKi o K ki + <? 1/2 (R - 2A)) , (15) 

and 

G ijkl = ig 1 / 2 {g ik g jl + g il g jk - 2 g^g kl ). 

Here Kij denotes the extrinsic curvature of the t = 
constant surface, which is the “invariant velocity of g, ? ” 

9ij = —2N ± Kij + N ifj + Nj/i, 

and n is related to Newton’s gravitational constant by 
k = 8t tG. 

The action m differs with the Hilbert action by 
adding to it a divergence which removes the second time 
derivatives of gij and also the second and first derivative 

of go/j,- 

Under a spacetime reparametrization the analog of 
(fl3l) is 

81 = — j dx [CnxSy x ] , (16) 

J dM 

which yields the G-brane generators, 

h x = wx + Cn x , (17) 

whose projected version is 

h± = w± — C, (18) 

hi = Wi. (19) 


4 


Here the extrinsic curvature is understood to be ex¬ 
pressed in terms of the surface variables y x , by the coun¬ 
terpart, 

Kij = n\Diy X j, ( 20 ) 

of ([4]), where Dj = y x jD\ is the covariant derivative in 
the external space projected on the t = constant surface. 
For the G-brane the action in Hamiltonian form reads 

1 = J dxdt [w\y x - N x (w\ + £n A )] , 

and the Lagrangian form is 

I = — J dxdt [ Cn\y x ] . (21) 

Equations (1181) and (fTTJl) were obtained many years ago 
[3] in an attempt to reformulate Einstein’s gravity in D 
dimensions as the theory of a non-space-filling brane em¬ 
bedded in a higher dimensional (flat) spacetime back¬ 
ground. In that case one cannot express the extrinsic 
curvature in terms of the surface variables through (EU1) 
and the need for imposing additional constraints arises. 
It was proposed in [3( that these additional constraints 
might be the standard gravitational initial valued con¬ 
straints, but the analysis was not carried to completion 
(see also (H and, for later developments, Si)- 


D = 0, corresponding to the cosmological term (Nambu 
brane) and D = 2 (gravitational action without cosmo¬ 
logical term). 

For higher spacetime dimensions D there are more 
possible b ackg round actions, the so-called Lovelock La- 
grangians [12j . which may be understood as the dimen¬ 
sional continuation of all the Euler classes of the even 
dimensions below D. The G-brane action arising from 
the generic Lovelock Lagrangian is then a sum of terms 
each of which involves powers of the intrinsic Riemann 
tensor of the surface and its extrinsic curvature fl3| . 

C. Time reversal 

The ancestor action m is invariant under time re¬ 
versal t —>• —t because, although —>• — K ^ the La¬ 

grangian (fl5l) is quadratic in K^j ( and N 1 - are in¬ 
variant). However the generator h± given by (I18|) is not 
invariant because under time reversal n x —> —n x and 
therefore w± changes sign while £ does not. The sit¬ 
uation is exactly the same as the one for a relativistic 
particle where 

p\p x + m 2 = 0 

is equivalent to 

p° =F Vp 2 + to2 = 0. 


B. Integrability and closure 

The generators h\ given by HU close according to (0, 
which is equivalent to ((8| (flOl) because on account of (fTfil) 
one has 


£n\ 


SI 

Sy x {x )' 


( 22 ) 


Here I is the gravitational action evaluated on the given 
background, for a spacetime region bounded by an initial 
and a final spacelike surface, regarded as a functional of 
the location of the final surface y x ( x). 

It is essential for the action integral I to be well defined 
as a functional of the final surface, that it be invariant 
under reparametrizations of the spacetime region in be¬ 
tween the two surfaces. This invariance guarantees that 
the value obtained for the action is independent of the 
particular foliation by t = constant surfaces employed in 
carrying out the integration. 

Note that in order for the resulting G-brane action 
to depend only on the y x and his first time derivatives, 
the associated gravitational background action should de¬ 
pend only on the gtj and his first time derivatives. 

For D = 3 and D = 4 spacetime dimensions the only 
possibility for the action I appearing in (1^1) is El, 
which may be understood as the “dimensional continu¬ 
ation” of the Euler classes of the lower even dimensions 


Here as well the G-brane generators have two branches, 
which are automatically included in the description, be¬ 
cause Eq. El does not specify which of the two solutions 
of the equations © and |3| differing by a sign is chosen. 

One may replace the generator (fl8l) by the combination 

h = w\w x + £ 2 , (23) 

an expression whose appearance is familiar from the 
bosonic string. The quadratic generator (l23l) incorpo¬ 
rates both, h± and its time reversed version. There 
are cases of interest for which quadratic the form (l23l) 
is considerably simpler than its linear counterpart, no¬ 
tably the Born-Infeld electrodynamics as reformulated by 
Dirac 0- However from a geometrical point of view (1231) 
has the drawback that the bracket of two such generators 
at different spatial points close in a way, which is not uni¬ 
versal (the structure coefficients of the constraint algebra 
depend on the matter fields). 


D. Background energy 

Formally the G-brane, and the Nambu brane, are re¬ 
lated to the Dirac brane by a point canonical transforma¬ 
tion, whose generating functional is precisely I appearing 
in Eq. (1221) . 

However, already for the case of the Nambu brane, one 
has reason to believe that if the framework is enlarged a 
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bit, the vacuum energy represented by the cosmological 
term cannot simply be subtracted. One knows, for ex¬ 
ample, that if one introduces (D — 2 ) branes endowed 
with a (7(1) charge, the reservoir of vacuum energy can 
be tapped [15l ll6| , and it even can be used to form black 
holes [17]. 

Although at present no similar mechanism is known 
for the other terms in £, they also represent a sort of 
“gravitational energy of the background,” which prudence 
would advise to retain. 

Of course the value of the terms in g -1 / 2 C other than 
the cosmological term —k _ 1 A depend on the surface 
y x {x). In flat spacetime one may choose a surface of 
constant Minkowskian time and both the intrinsic and 
extrinsic curvatures will then vanish. However, if one 
is on a curved background, a surface where C vanishes 
will in general not exist. For example, in an expanding 
section of the de Sitter universe, the intrinsic curvature 
term vanishes, but the extrinsic one does not. It, rather, 
doubles the cosmological term contribution. 

Conceptually, the issue of the background energy is 
not different from the discussion of the dependence of 
the inertia of a body upon its energy content (lS], In 
that case, if one stays within the strict context of the 
dynamics of a relativistic particle that does not decay, 
whether one favors the more elegant expression, 


E = 


m 0 

y/1 ~ V 2 /C 2 


over 


E = 


m 0 

y/1 — V 2 /C 2 


- rn 0 c 2 , 


which reduces to the nonrelativistic expression when c —>- 
oo, is a matter of taste, with no physical implication. 

But if the particle can decay, so that the rest mass 
reservoir can be tapped, then the first choice becomes 
mandatory. 

Before leaving this point we remark that Cn\ cannot 
be interpreted as the components T±\ of a tensor. In 
particular they bear no relation to the conserved energy- 
momentum tensor T xp of the G-brane, obtained by vary¬ 
ing the action (T 2 TT) with respect to the background metric 
7 \ p , which is given by 


T\ p = k~ 1 G. 


A pi 


where G\ p is the Einstein tensor of the background. 

Therefore if one attempts to turn the G-brane into 
a source for the gravitational field, the Einstein’s equa¬ 
tions are identically satisfied. Hence the coupling of the 
G-brane to its ancestor is not achieved. This is quite in 
line with the interpretation of the G-brane as gravita¬ 
tion without gravitons, because when one turns on the 
full dynamical gravitational field, the G-brane should be 
automatically included rather than being an additional 
“matter” source. 


IV. G-BRANE FOR D = 2 
A. Action 


As we saw in the previous section, for spacetime di¬ 
mensions D > 3 the G-brane action is a descendant of 
the action for the gravitational field. For D = 2 there 
is an analog of the Einstein theory of gravitation, which 
has similarities with its higher dimensional counterpart 
but also possesses key differences with it. The similar¬ 
ities and differences of their gravitational ancestors are 
inherited by their descendants, the G-branes. 

For two spacetime dimensions the analog of the Ein¬ 
stein equation, 

Rpi> ^g^vR T A— 0; 
is, 


R - A = 0. (24) 

In both cases the sign of R is the same as the sign of A. 

Equation (1241) may be derived jl9l . [2dj from an action 
which is built out of the spacetime metric g That ac¬ 
tion shares with its higher dimensional counterparts the 
properties of depending only on the first derivative of the 
spatial metric gu and of containing no time derivatives of 
the gop', but it has the important difference of not being 
invariant under spacetime reparametrizations. 

However the lack of invariance is of such a especial 
nature that it makes it still possible to define from it 
a consistent set of surface deformation generators. The 
price paid is the appearance of a central charge in the 
surface deformation algebra, which has the consequence 
that the generators cannot be demanded to vanish. Due 
to the absence of initial value constraints, D = 2 gravity 
has one independent degree of freedom per point, rather 
than “minus one” as extrapolated count from higher di¬ 
mensions would naively indicate. A similar situation will 
arise for its descendant, the (1 + 1) G-brane. 

In 0 the metric of the two-dimensional spacetime, 
referred to the “internal” coordinates t, x, was written as 


SW = e<P 


( r ? J “) 2 + (7 1 ) 2 7 1 

y 1 1 


(25) 


Here the rescaled lapse r] 1 - = e~ (fi ^ 2 N ± and the cus¬ 
tomary shift 77 1 = AT 1 , describe a generic deformation 
of a parametrized one-dimensional surface embedded in 
a two-dimensional spacetime in a conformally invariant 
manner, through the introduction of a Weyl invariant 
normal n x which differs from the unit normal n x by a 
scale factor. That is one writes 


y x = v ± h x +r 1 1 y x 1 , (26) 

7a P n x n p = -511 = -g. (27) 

Under a spacetime dependent rescaling of the metric 
7 a p ( y) e a ( y )j\p (y) the function ip changes as tp —> 
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p + a, whereas y x , n x , rj^, rj 1 remain invariant. The 
Weyl invariant normal n x is related to the unit normal 
used before by 

n x = g x ' 2 n x . 

The Lagrangian density reads 

£=^2e^ 2 -^' 2 + V'+Ae^, (28) 

where the extrinsic curvature K is understood to be ex¬ 
pressed in terms of the surface variables y x , 

K = g~ 3/2 ri\Diy x A . 

Here D\ = y x X D\ is the covariant derivative in the ex¬ 
ternal space projected on the t = constant surface. The 
“(1+1) gravitational constant fc” has the dimensions of 
an inverse action. 

The action is given by 

-fgrav = / dtdxrj^ C. 


B. Integrability and closure. Classical central 
charge 

If one reparametrizes by 

Sy x = ^fi x + £V,i, 

the action for a spacetime region M with boundary dM 
changes by 

ddgrav = f £ L C+\ f (r] ± ( 1 "'- ■ (29) 

J dM k J M V ) 

If the volume term on the right-hand side of the above 
equation were absent, the differential SI glav would be ex¬ 
act, that is the integral / grav would not depend on the 
particular foliation of M used to calculate it. This is the 
case for the G-brane discussed in the preceding section 
and it implies that the generators, 

sa = w\ + g~ 1 £n\, 

commute, i.e., that their Poisson bracket vanishes iden¬ 
tically. 

However when the differential SI grav is not exact, its 
second functional derivatives do not commute, and there¬ 
fore the brackets of two s\ is not zero. The lack of com¬ 
mutativity of the s\ translates into a modification of the 
surface deformation algebra, which may be read directly 
from (l29l) . One obtains for the projected form of the 
generators, 

[a± (x), s_l (x')] = (si (x) + si (x')) S' (x, x '), (30) 

[si (x) , s_L (x')] = (s± (x) + s± (x')) S' (x, x') 

-\s'"(x,x'), (31) 

[Si (x), Si (x')] = (si (x) + Si (x')) S' (x, x '). (32) 


From these equations one may work “backwards” to 
obtain the Poisson bracket of the unprojected s\. This 
gives 


[sa (x) 


s P (x')] 


= -j; (a\ (x) b p (x') + a p (x 1 ) b\ (x)) x 
x S'" (x, x '), 


where a a and b a , which are Weyl invariant, are given by 


a a = g 1 , b a =g 1 'y a yn^. 

One sees that the s\ indeed do not commute. 

Equations (l30l) (1321) for the Poisson brackets of the 
projected generators differ from the surface deformation 
algebra © (USD on the following aspects: 

(i) The coefficient of S' on the right side of (15T1) differs 
from that on ©, because on account of the normaliza¬ 
tion h± has now weight two instead of weight one as 
previously. 

(ii) The metric g l i drops out from the right side of 
(l30l) . This is a consequence of the conformally invariant 
normalization (l27l) for n Q , and it only happens in one 
spatial dimension. The whole algebra is then a true alge¬ 
bra, in the sense that its structure constants are indeed 
constants rather than being field dependent. 

(iii) A central charge appears. Since the central charge 
has vanishing Poisson brackets with everything the sur¬ 
face deformations are still integrable. As shown by Eq. 
(EU1) the central charge can be read directly from the lack 
of reparametrization invariance of the action. The fact 
that, because the charge is central, the second term on 
the right side of (l29l) is independent of the field tp, is 
responsible for the covariance of the equation of motion 

m - 

The surface deformation algebra in the form (1501) (15^1) 
is the Lie algebra of the conformal group, which consists 
of two copies of the Virasoro algebra, 


[L (x), L (x')] = (L (x) + L (x')) S' (x, x') - S (x, x'), 

(33) 

whose generators are 

T ± (x) = (1/2) (s ± (Ax) A si (Ax)). 


With the standard convention the Virasoro central charge 
c appearing in (1331) is given by 


12t r 



Since, as a consequence of the presence of the central 
charge, the surface deformation generators cannot be re¬ 
quired to vanish, the s\ are not to be regarded as genera¬ 
tors of a gauge transformation but, rather, they generate 
a global symmetry transformation. The (1 + 1) G-brane 
is then a novel conformal field theory with 2 degrees of 
freedom y x per point, as it is highlighted in [2l|. More¬ 
over it will also prove useful in connection with asymp¬ 
totic symmetries of (2+1) gravity formulated in terms of 
the G-brane, which is the subject of the next section. 
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V. GRAVITATION IN THREE SPACETIME 
DIMENSIONS AS THE THEORY OF A G-BRANE 

The standard Einstein theory of gravitation in three- 
dimensional spacetime is remarkable in the sense that 
it keeps the formal structure of its higher dimensional 
counterparts, but it has no field degrees of freedom asso¬ 
ciated to each point of two-dimensional space at a given 
time. In spite of this lack of “bulk degrees of freedom,” 
when the cosmological constant is negative, ( 2 + 1 ) gravity 
possesses black holes. It also has a peculiar structure at 
spatial infinity which is not present in higher dimensions, 
namely an infinite dimensional global symmetry. 

However, in spite of its simplicity, the theory has so far 
only been solved explicitly in a reformulation in terms of 
a Chern-Simons connection. The Chern-Simons descrip¬ 
tion has its own elegance and interest but, when one de¬ 
velops it, becomes disconnected from the original metric 
formulation and hence from spacetime. 

The purpose of this section is to present a different 
reformulation of the theory, which is very close to, and 
actually suggested by, the metric formulation. Its space- 
time significance is direct, even more direct than that 
in terms of the metric, and it stays manifest through¬ 
out. The reformulation also permits to solve the theory 
explicitly. 

In three spacetime dimensions there is locally only one 
solution of Einstein’s equations in vacuum, namely a 
spacetime of constant curvature, which up to identifica¬ 
tions is anti-de Sitter space (A < 0), flat space (A = 0), 
or de Sitter space (A > 0). The absence of bulk degrees 
of freedom suggests that the theory should have a G- 
brane formulation in terms of slices through a spacetime 
of constant curvature. We shall focus on the case A < 0 
because it has more structure: black holes and surface 
dynamics at spatial infinity. 


A. Surface variables as potentials that solve the 
constraints 

Our goal is thus to formulate the theory employing 
the potentials y x and their conjugate momenta w\ as 
the fundamental variables, instead of the spatial metric 
gij and its conjugate momentum 7 r l + To that end we 
start with the “bulk” gravitational action in Hamiltonian 
form, 

4 rav = J dtdx (n tJ gij - N ± 'H± - N l T~L ,) , (34) 

where 

n ± = 2 K G ljkl ^n kl - 1- g V 2 (R - 2A), 

Zk, 

** = - 2*4 , 


with 

G ijkl G klrs = i (6151 + 6161) . 

If one substitutes in (1M1) the relationship between the 
momentum and the velocity, 

n ij = -^G lJkl Ku, 

one recovers the Lagrangian form (fl5l) . 

The key observation now is that, if one takes jxp to be 
the anti-de Sitter metric, and substitutes expressions 
and (1201) in the generators "H_l and R ; appearing in (1+0) , 
then they vanish identically, 

H± = 0, (35) 

Ri = 0. (36) 

Conversely the most general solution of the constraint 
equations is obtained in this way, because they are pre¬ 
cisely the equations of Gauss and Codazzi, which guar¬ 
antee local embeddability. One may think of the Gauss- 
Codazzi equations implying the existence of the poten¬ 
tials y x for g^ and 7r*- 7 , as the analog of the Poincare 
lemma stating that if a form is closed then it is locally 
exact. 

Note that the y x have more information than that con¬ 
tained in the gij and the ■n ’ 13 because, when the latter are 
given, one needs to specify in addition the location of 
the surface at infinity in order to determine y x every¬ 
where. This means that in the G-brane formulation “the 
problem of time” namely the reconstruction of the proper 
time separation between two surfaces from the knowledge 
of their intrinsic and extrinsic geometry is automatically 
solved (22i |. See also [23|. 

After solving the constraints, only the n 13 g\j term is 
left in the bulk Hamiltonian action. Integrating by parts 
in space and using (13611 one obtains the action 

/ = J dtdx ( G i * kl K ij K kl n x y x ) , (37) 

which, on account of (l35l) may be rewritten as 

I = — - J dtdx (g 1 ^ 2 (R — 2A) n\y x ^ . (38) 

Equations (l37l) and (l38l) are alternative forms of the G- 
brane action m because now the background is “on 
shell,” and therefore, 

G l3kl K tJ K kl = g 1 ' 2 {R - 2A). 

Thus we have reformulated (2+1) gravity as the theory 
of a (2+1) G-brane. 


B. The (2+1) black hole as a G-brane 


To gain further insight into how the G-brane formula¬ 
tion captures key features of the theory, we examine in 
its context the (2+1) black hole M- Following 0 we 
take for the background metric the anti-de Sitter in the 
form 


ds 2 AdS = — 2 — [ d X 2 + d <F 2 
sm x 


cos 2 yd© 2 ] . 


The surface variables will then be y x = (0, <f>, y). 
Setting 


0 — -j^t + —<t> — ©o + 0-i 0, 
<!' = = $ 0 + $- 1 ^, 


X = arcsin 



(39) 

(40) 

(41) 


black hole — ~ P dt 2 + -Tj- + T 2 (d<f) + N^dt) , 


yields the black hole line element, 

dr 2 

7 2 

where 

,2 _ ( r2 - r X) i , 1 " 2 ~ I"-) 


/ 2 = 
= 


r 2(2 


r+r_ 


f + 2 ’ 


provided one identifies 


<fi ~ <fi + 27T. 


The following observations are pertinent: 

(i) The functions 0 and are not periodic in <j>. They 
possess “minus one modes” of strength r_/£ and r+/£ 
respectively. This may be interpreted as the imprint of a 
monopole type source. It is quite satisfactory to see the 
r_|_ and r_ appearing as fluxes in this manner. 

(ii) If one decrees that the zero mode 0o of 0 be canon¬ 
ically conjugate to the minus one mode of <h, and vice 
versa, that is, 


and sets, 


then one has, 

d& 

dt 

<9$ 

~di 


[0o++] 


[*o,r_] 


K 


2t r’ 

K 


27r’ 


2tt 

J= -^ +r - 




(42) 

(43) 
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This is again satisfactory since H and J are precisely the 
mass and the angular momentum of the black hole. The 
symplectic structure H21) and (1431) will be useful in the 
more general setting of Sec. IV FI below. 


C. Symmetry, degrees of freedom and dynamics at 
spatial infinity 

In 2+1 dimensions with a negative cosmological con¬ 
stant, the gravitational field has an asymptotic symmetry 
at large spacelike distances whose Lie algebra is infinite 
dimensional [25]. This is a peculiarity of this low di¬ 
mension, because in higher dimensions the corresponding 
symmetry wo uld j ust be that of anti-de Sitter space. It 
was shown in [25| that, in (2+1) spacetime dimensions, 
the boundary of an “asymptotically anti-de Sitter space” 
may be taken to be a flat cylinder. At large spatial dis¬ 
tances the surface variables of the (2+1) G-brane describe 
asymptotically a generic cut of that flat cylinder. This 
simple statement captures in a nutshell the symmetries of 
the boundary. The generic cut may be implemented, for 
example, by allowing the functions 0 and <F appearing in 
(l39l) and (l40l) to possess all the Fourier modes higher than 
1. The asymptotic frame in which the higher modes are 
absent and (1551) and (HOI) hold could be called the “rest 
frame.” One may go from the rest frame to a generic 
frame by means of a “boost,” generated by the higher 
Fourier modes of the asymptotic symmetry generators. 

[Incidentally, the previous remarks underline the fact 
that the presence of the infinite-dimensional asymptotic 
symmetry algebra, and of the surface field degrees of free¬ 
dom that accompany it for D = 3, does not account 
for the Bekenstein-Hawking entropy any more than the 
states of different linear momentum does for D > 4, in 
which case the asymptotic symmetry algebra is finite di¬ 
mensional (see [26j for A = 0, and [27| for A < 0). One 
would rather expect the leading contribution to the en¬ 
tropy to come, in a way vet to be properly understood, 
from the zero mode (see [28]] in this context)]. 

In order to be realized canonically, the infinite di¬ 
mensional symmetry algebra requires an infinite num¬ 
ber of surface degrees of freedom, which are present al¬ 
though the gravitational field does not have bulk degrees 
of freedom. These degrees of freedom emerge naturally 
by recalling that the condition for flatness of the cylin¬ 
der at infinity is precisely the equation of motion of the 
(1+1) gravity theory discussed in the previous section, 
for A = 0, that is, 


WR = 0. (44) 

Therefore the boundary degrees of freedom are contained 
in the field ip appearing in (1251) . 

If one passes from the Lagrangian density (1281) to the 
Hamiltonian one finds 


H = J dx (+4-L + rfti) , 


(45) 
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with 

^ = 2 ^ + ^' 2 -^'' <«> 
t\ = np' — 2n', (47) 

which obey the same algebra (15U1) - (15^1) . In the Hamilto¬ 
nian formulation these generators are the ancestors of the 
(1+1) G-brane generators appearing in (l30l) - (l32l) . Actu¬ 
ally, of course, the reasoning is the other way around: 
the algebra of the G-brane generators s_l,Si is inherited 
from that of its ascendants t±,t i. 

D. Surface integrals as symmetry generators and 
their relation with the (1+1) G-brane 

In order to account for the most general permissible 
motion at infinity, one must add to the bulk Hamiltonian 
of gravity a surface term at infinity [26] . The surface term 
for (2+1) gravity was given in [25j] and takes the form 

H= f d(j) (ti l 'H±. 00 + rfUioo) . (48) 

J GO 

In general, the surface term, which is the generator 
of asymptotic motions, may be realized canonically only 
if one fixes the coordinate system in the bulk relative to 
the one at infinity, and employs the Dirac bracket. It was 
found in [25| that 'H± 0 o 1 'Hioo obey the algebra (l30l) (1TT21) 
with a central charge, 

k = - f (49) 

In the present context, [49] may be thought of as deter¬ 
mining the (1+1) gravitational constant k in terms of its 
(2+1) counterpart n. 

One may realize canonically the generators of asymp¬ 
totic motions precisely by means of the generators ij_, t±, 
by simply defining the variables p and 7r in terms of the 
asymptotic parts of tt 10 and gij appearing in R±co and 
"Hioo through 

tl. — rI_Loo) 

ti = n l00) (50) 

regarded as differential equations for p and i r with R±oo 
and 77ioo given. 

The realization (1501) may be considered as “intrinsic,” 
or “gauge invariant,” in the sense that no reference is 
made in it of the boundary conditions used in approach¬ 
ing the boundary, or of the way in which the “bulk slicing” 
is fixed in order to calculate a Dirac bracket. The fact 
that the cylinder at infinity is the boundary of the bulk 
is imprinted through Eq. (l49l) . 

E. Treatment of zero modes 

To implement (1501) it is useful to treat the zero modes 
separately. That is we will assume that both p and 7r 


do not possess a zero mode when expanded in a Fourier 
series, and reinstate afterwards the zero modes by replac¬ 
ing 


, , 2 

<P ->• <P - jr+, 

(51) 

n ^ n + W£ r - 

(52) 


in the Hamiltonian generators (HOI) and (1471) . Then in 
O there are as many equations as unknowns. The 
anti-de Sitter radius t is brought into the above equa¬ 
tions because we have replaced the spatial coordinate x 
appearing in (1451) by an angle <f> by setting x = £<f>. 

The complete action takes then the form 


dcfnp — HJ , (53) 

where H is given by (H51) with the replacements (15T1) and 
© implemented. When p and 7 r are set equal to zero 
the dynamics derived from (1531) is just the one described 
in Sec. IVBl 

In the treatment just presented, because the boundary 
is flat, one is naturally led by (l44l) to a description in 
terms of a free field p which has a direct metric interpre¬ 
tation [23. This field may be thought of as the aggre¬ 
gate of the two chiral bosons emerging at the end of the 
analysis of the asymptotic structure of the Chern-Simons 
formulation given in [Hj where, incidentally, accounting 
for the “holonomies” r+, r_ remained a bit of an issue. 
See also [3(j and references therein. 

Within the Chern-Simons framework, a different pro¬ 
posal for the dynamics of the boundary has also been 
arrived at [31]. It is the Liouville theory, in which a term 
proportional to e v is included in the Hamiltonian gener¬ 
ator (l46l) . In the present context this would correspond 
to replacing (l44l) by 

^ R = constant. 

Although we have not explored this possibility, it is 
tempting to speculate that such a term could arise by 
replacing the flat cylinder at infinity by one of constant 
curvature, through a different choice of boundary condi¬ 
tions. This would be in line with the fact that one can 
canonically relate the Liouville theory with the one cor¬ 
responding to = 0 by a Backlund transformation 
(see e.g [ 20 | and references therein). 

F. Coupling of the boundary degrees of freedom to 
a boundary G-brane 

The description of the boundary dynamics and the 
asymptotic symmetries in terms of a (2+1) G-brane be¬ 
comes sharper if one introduces a (1+1) G-brane on the 


7 = |a(+ r+ e 0 + +r_i 0 + 1 
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boundary. The key point is the observation that the com¬ 
binations, 


h± = s±\ k ^_ k +t±, (54) 

hi = Si+ ti, (55) 

close according to the algebra (l30l) (l32l) without central 
charge. Here the notation k —>- — k means that one re¬ 
places in s_l the constant k by its negative. This re¬ 
placement maintains the surface deformation algebra, 
but changes the sign of the central charge. 

Since the algebra of the generators h±,hi has no cen¬ 
tral charge, it is consistent to demand that these h’s be 
constrained to vanish, 


h ± ~ 0, (56) 

hi ~ 0. (57) 

Thus the canonically conjugate field ip and 7 r out of which 
the generators t± and t\ are constructed may be regarded 
as matter fields defined on the (1+1) G-brane and accom¬ 
panying it through its deformations. 

In terms of the above generators, the action for (2+1) 
gravity becomes the sum of three terms, integrated re¬ 
spectively over manifolds of dimension three (the bulk), 
two (the boundary), and unity (the history of the zero 
modes): 


I = 


J dt J d 2 x W\y x + J d l x ( w a y a + mp) 


2ir ■ 2n ■ 

H-r+0 H-r_<h — H 

n K 


(58) 


with 

H = J d 2 x (. N ± h i l +1) + N l hf +1) ) 

+ J dx (j] ± h^ +1 ^ + rj 1 h ( f +1 ^ , 

and 

f? x = g~ 1/2 N 1 - (oo), 
r) 1 = N 1 (oo). 

In (l58l) we have allowed for a generic background coor¬ 
dinate system y a , (a = 0 , 1 ), with corresponding metric 
"fab, on the flat boundary at infinity. If the boundary 
were described as y x = y x (t,<j>,ro) with rg —> oo, then 
the y a would be related to t and 0 by a coordinate trans¬ 
formation, which might depend on rg as a parameter. 

The formulation of (2+1) gravity in terms of (2+1) and 
(1+1) G-branes summarized in the action (l58l) is “fully 
parametrized” in the sense of possessing a Hamiltonian 
that vanishes weakly, even when the boundary dynam¬ 
ics is included [the boundary action is invariant under 
spacetime reparametrizations because due to the change 
k —>• —k in (1M1) . the terms of the form (1291) coming from 
the brane and the matter contributions mutually cancel]. 


Such a description would not have been possible if one 
had attempted to achieve it through a Dirac or a Narnbu 
brane, because then the central charge would not drop 
out. In other words, the “background energy” of the 
(1+1) G-brane is essential. Note that the background 
energy which actually appears in this construction is — C 1 
the negative of the standard one, because the sign of k in 
sj_ has been changed. There is no harm in this because 
C does not have a definite sign to begin with. 


VI. CONCLUDING REMARKS 


We have introduced, for any spacetime dimension D , 
the concept of a G-brane, which is a space-filling brane 
whose action is a direct descendant of the action for the 
gravitational field. The G-brane may be thought of as the 
remanent of the gravitational field when the propagating 
gravitons are removed. We were led to the G-brane in 
the midst of an effort to gain understanding of the puz¬ 
zling feature, evidenced by the existence of a black hole 
in 2+1 spacetime dimensions M, that key aspects of 
gravitation are retained even when there are no propagat¬ 
ing gravitational field degrees of freedom. The G-brane 
concept was applied for the lower dimensions D = 3 and 
D = 2, where the following results were obtained: (i) 
For D = 3 the G-brane yields a reformulation of gravi¬ 
tation theory in which the Hamiltonian constraints can 
be solved explicitly, while keeping the spacetime struc¬ 
ture manifest, (ii) For D = 2 one finds a new realization 
of the conformal algebra, i.e. a conformal field theory, 
in terms of two scalar fields and their conjugates, which 
possesses a classical central charge, (iii) In the G-brane 
reformulation of (2+1) gravity, the boundary degrees of 
freedom of the gravitational field in asymptotically anti- 
de Sitter space appear as matter coupled to the (1+1) 
G-brane on the boundary. 

Finally, a word about future developments. As it was 
just indicated, although the concept and general proper¬ 
ties of the G-brane were presented, no applications were 
given for the higher dimensions D > 4. Therefore a prob¬ 
lem that brings itself immediately for analysis is how, for 
D > 4, the G-brane inherits from the gravitational field 
two key aspects, namely, the entropy and the asymptotic 
structure at spacelike infinity. Additionally one would 
like to develop the notion of a supersymmetric G-brane 
for all D > 2. Finally a less well-defined question is to 
ask if and how, the idea of the G-brane as “gravitation 
without gravitons” relates to two recent different lines 
of inquiry, namely: (i) the role of “soft gravitons” and 
their relation with asymptotic symmetries discussed in 
[32| and P ] and, (ii) the interplay of “longitudinal gravi¬ 
tons” with black hole entropy discussed in j[34| and [35| . 
We hope to address these issues in the near future. 
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